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In psychometrics, item response theory (IRT) also known as latent trait theory, strong
true score theory, or modern mental test theory, is a paradigm for the design, analysis, and
scoring of tests, questionnaires, and similar instruments measuring abilities, attitudes, or other
variables. Unlike simpler alternatives for creating scales as the simple sum questionnaire
responses it does not assume that each item is equally difficult. This distinguishes IRT from,
for instance, the assumption in Likert scaling that "All items are assumed to be replications of
each other or in other words items are considered to be parallel instruments" [1] (p. 197). By
contrast, item response theory treats the difficulty of each item (the ICCs) as information to be
incorporated in scaling items.
It is based on the application of related mathematical models to testing data. Because it is
generally regarded as superior to classical test theory, it is the preferred method for
developing scales, especially when optimal decisions are demanded, as in so-called highstakes tests e.g. the Graduate Record Examination (GRE) and Graduate Management
Admission Test (GMAT).
The name item response theory is due to the focus of the theory on the item, as opposed to the
test-level focus of classical test theory. Thus IRT models the response of each examinee of a
given ability to each item in the test. The term item is generic: covering all kinds of
informative item. They might be multiple choice questions that have incorrect and correct
responses, but are also commonly statements on questionnaires that allow respondents to
indicate level of agreement (a rating or Likert scale), or patient symptoms scored as
present/absent, or diagnostic information in complex systems.
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IRT is based on the idea that the probability of a correct/keyed response to an item is a
mathematical function of person and item parameters. The person parameter is construed as
(usually) a single latent trait or dimension. Examples include general intelligence or the
strength of an attitude. Parameters on which items are characterized include their difficulty
(known as "location" for their location on the difficulty range), discrimination (slope or
correlation) representing how steeply the rate of success of individuals varies with their
ability, and a pseudoguessing parameter, characterising the (lower) asymptote at which even
the least able persons will score due to guessing (for instance, 25% for pure chance on a 4item multiple choice item).

Overview
The concept of the item response function was around before 1950. The pioneering work of
IRT as a theory occurred during the 1950s and 1960s. Three of the pioneers were the
Educational Testing Service psychometrician Frederic M. Lord,[2] the Danish mathematician
Georg Rasch, and Austrian sociologist Paul Lazarsfeld, who pursued parallel research
independently. Key figures who furthered the progress of IRT include Benjamin Drake
Wright and David Andrich. IRT did not become widely used until the late 1970s and 1980s,
when personal computers gave many researchers access to the computing power necessary for
IRT.
Among other things, the purpose of IRT is to provide a framework for evaluating how well
assessments work, and how well individual items on assessments work. The most common
application of IRT is in education, where psychometricians use it for developing and refining
exams, maintaining banks of items for exams, and equating for the difficulties of successive
versions of exams (for example, to allow comparisons between results over time).[3]
IRT models are often referred to as latent trait models. The term latent is used to emphasize
that discrete item responses are taken to be observable manifestations of hypothesized traits,
constructs, or attributes, not directly observed, but which must be inferred from the manifest
responses. Latent trait models were developed in the field of sociology, but are virtually
identical to IRT models.
IRT is generally regarded as an improvement over classical test theory (CTT). For tasks that
can be accomplished using CTT, IRT generally brings greater flexibility and provides more
sophisticated information. Some applications, such as computerized adaptive testing, are
enabled by IRT and cannot reasonably be performed using only classical test theory. Another
advantage of IRT over CTT is that the more sophisticated information IRT provides allows a
researcher to improve the reliability of an assessment.
IRT entails three assumptions:
1. A unidimensional trait denoted by ;
2. Local independence of items;
3. The response of a person to an item can be modeled by a mathematical item response
function (IRF).
The trait is further assumed to be measurable on a scale (the mere existence of a test assumes
this), typically set to a standard scale with a mean of 0.0 and a standard deviation of 1.0.
'Local independence' means that items are not related except for the fact that they measure the
same trait, which is equivalent to the assumption of unidimensionality, but presented
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separately because multidimensionality can be caused by other issues. The topic of
dimensionality is often investigated with factor analysis, while the IRF is the basic building
block of IRT and is the center of much of the research and literature.

The item response function
The IRF gives the probability that a person with a given ability level will answer correctly.
Persons with lower ability have less of a chance, while persons with high ability are very
likely to answer correctly; for example, students with higher math ability are more likely to
get a math item correct. The exact value of the probability depends, in addition to ability, on a
set of item parameters for the IRF.

Three parameter logistic model

For example, in the three parameter logistic (3PL) model, the probability of a correct
response to an item i is:

where is the person (ability) parameter and , , and are the item parameters. The item
parameters simply determine the shape of the IRF and in some cases have a direct
interpretation. The figure to the right depicts an example of the 3PL model of the ICC with an
overlaid conceptual explanation of the parameters.
The item parameters can be interpreted as changing the shape of the standard logistic
function:

In brief, the parameters are interpreted as follows (dropping subscripts for legibility); b is
most basic, hence listed first:
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•

b – difficulty, item location:
and 1 (max), also where the slope is maximized.

•

a – discrimination, scale, slope: the maximum slope

•

c – pseudo-guessing, chance, asymptotic minimum

the half-way point between

(min)

If
then these simplify to
and
meaning that b equals the
50% success level (difficulty), and a (divided by four) is the maximum slope (discrimination),
which occurs at the 50% success level. Further, the logit (log odds) of a correct response is
(assuming
): in particular if ability θ equals difficulty b, there are even odds
(1:1, so logit 0) of a correct answer, the greater the ability is above (or below) the difficulty
the more (or less) likely a correct response, with discrimination a determining how rapidly the
odds increase or decrease with ability.
In words, the standard logistic function has an asymptotic minimum of 0 (

), is centered

around 0 (
,
), and has maximum slope
The parameter
stretches the horizontal scale, the parameter shifts the horizontal scale, and the compresses
the vertical scale from
to
This is elaborated below.
The parameter represents the item location which, in the case of attainment testing, is
referred to as the item difficulty. It is the point on where the IRF has its maximum slope,
and where the value is half-way between the minimum value of and the maximum value of
1. The example item is of medium difficulty since =0.0, which is near the center of the
distribution. Note that this model scales the item's difficulty and the person's trait onto the
same continuum. Thus, it is valid to talk about an item being about as hard as Person A's trait
level or of a person's trait level being about the same as Item Y's difficulty, in the sense that
successful performance of the task involved with an item reflects a specific level of ability.
The item parameter represents the discrimination of the item: that is, the degree to which
the item discriminates between persons in different regions on the latent continuum. This
parameter characterizes the slope of the IRF where the slope is at its maximum. The example
item has =1.0, which discriminates fairly well; persons with low ability do indeed have a
much smaller chance of correctly responding than persons of higher ability.
For items such as multiple choice items, the parameter is used in attempt to account for the
effects of guessing on the probability of a correct response. It indicates the probability that
very low ability individuals will get this item correct by chance, mathematically represented
as a lower asymptote. A four-option multiple choice item might have an IRF like the example
item; there is a 1/4 chance of an extremely low ability candidate guessing the correct answer,
so the would be approximately 0.25. This approach assumes that all options are equally
plausible, because if one option made no sense, even the lowest ability person would be able
to discard it, so IRT parameter estimation methods take this into account and estimate a
based on the observed data.[4]
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IRT models
Broadly speaking, IRT models can be divided into two families: unidimensional and
multidimensional. Unidimensional models require a single trait (ability) dimension .
Multidimensional IRT models model response data hypothesized to arise from multiple traits.
However, because of the greatly increased complexity, the majority of IRT research and
applications utilize a unidimensional model.
IRT models can also be categorized based on the number of scored responses. The typical
multiple choice item is dichotomous; even though there may be four or five options, it is still
scored only as correct/incorrect (right/wrong). Another class of models apply to polytomous
outcomes, where each response has a different score value.[5][6] A common example of this are
Likert-type items, e.g., "Rate on a scale of 1 to 5."

Number of IRT parameters
Dichotomous IRT models are described by the number of parameters they make use of.[7] The
3PL is named so because it employs three item parameters. The two-parameter model (2PL)
assumes that the data have no guessing, but that items can vary in terms of location ( ) and
discrimination ( ). The one-parameter model (1PL) assumes that guessing is a part of the
ability and that all items that fit the model have equivalent discriminations, so that items are
only described by a single parameter ( ). This results in one-parameter models having the
property of specific objectivity, meaning that the rank of the item difficulty is the same for all
respondents independent of ability, and that the rank of the person ability is the same for items
independently of difficulty. Thus, 1 parameter models are sample independent, a property that
does not hold for two-parameter and three-parameter models. Additionally, there is
where
theoretically a four-parameter model (4PL), with an upper asymptote, denoted by
in the 3PL is replaced by
. However, this is rarely used. Note that the
alphabetical order of the item parameters does not match their practical or psychometric
importance; the location/difficulty ( ) parameter is clearly most important because it is
included in all three models. The 1PL uses only , the 2PL uses and , the 3PL adds ,
and the 4PL adds .
The 2PL is equivalent to the 3PL model with
, and is appropriate for testing items
where guessing the correct answer is highly unlikely, such as fill-in-the-blank items ("What is
the square root of 121?"), or where the concept of guessing does not apply, such as
personality, attitude, or interest items (e.g., "I like Broadway musicals. Agree/Disagree").
The 1PL assumes not only that guessing is not present (or irrelevant), but that all items are
equivalent in terms of discrimination, analogous to a common factor analysis with identical
loadings for all items. Individual items or individuals might have secondary factors but these
are assumed to be mutually independent and collectively orthogonal.
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Logistic and normal IRT models
An alternative formulation constructs IRFs based on the normal probability distribution; these
are sometimes called normal ogive models. For example, the formula for a two-parameter
normal-ogive IRF is:

where Φ is the cumulative distribution function (cdf) of the standard normal distribution.
The normal-ogive model derives from the assumption of normally distributed measurement
error and is theoretically appealing on that basis. Here is, again, the difficulty parameter.
The discrimination parameter is , the standard deviation of the measurement error for item
i, and comparable to 1/ .
One can estimate a normal-ogive latent trait model by factor-analyzing a matrix of tetrachoric
correlations between items.[8] This means it is technically possible to estimate a simple IRT
model using general-purpose statistical software.
With rescaling of the ability parameter, it is possible to make the 2PL logistic model closely
approximate the cumulative normal ogive. Typically, the 2PL logistic and normal-ogive IRFs
differ in probability by no more than 0.01 across the range of the function. The difference is
greatest in the distribution tails, however, which tend to have more influence on results.
The latent trait/IRT model was originally developed using normal ogives, but this was
considered too computationally demanding for the computers at the time (1960s). The logistic
model was proposed as a simpler alternative, and has enjoyed wide use since. More recently,
however, it was demonstrated that, using standard polynomial approximations to the normal
cdf,[9] the normal-ogive model is no more computationally demanding than logistic models.[10]

The Rasch model
The Rasch model is often considered to be the 1PL IRT model. However, proponents of
Rasch modeling prefer to view it as a completely different approach to conceptualizing the
relationship between data and the theory.[11] Like other statistical modeling approaches, IRT
emphasizes the primacy of the fit of a model to observed data,[12] while the Rasch model
emphasizes the primacy of the requirements for fundamental measurement, with adequate
data-model fit being an important but secondary requirement to be met before a test or
research instrument can be claimed to measure a trait.[13] Operationally, this means that the
IRT approaches include additional model parameters to reflect the patterns observed in the
data (e.g., allowing items to vary in their correlation with the latent trait), whereas the Rasch
approach requires both the data fit the Rasch model and that test items and examinees confirm
to the model, before claims regarding the presence of a latent trait can be considered valid.
Therefore, under Rasch models, misfitting responses require diagnosis of the reason for the
misfit, and may be excluded from the data set if substantive explanations can be made that
they do not address the latent trait.[14] Thus, the Rasch approach can be seen to be a
confirmatory approach, as opposed to exploratory approaches that attempt to model the
observed data. As in any confirmatory analysis, care must be taken to avoid confirmation bias.
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The presence or absence of a guessing or pseudo-chance parameter is a major and sometimes
controversial distinction. The IRT approach includes a left asymptote parameter to account for
guessing in multiple choice examinations, while the Rasch model does not because it is
assumed that guessing adds randomly distributed noise to the data. As the noise is randomly
distributed, it is assumed that, provided sufficient items are tested, the rank-ordering of
persons along the latent trait by raw score will not change, but will simply undergo a linear
rescaling. Three-parameter IRT, by contrast, achieves data-model fit by selecting a model that
fits the data,[15] at the expense of sacrificing specific objectivity.
In practice, the Rasch model has at least two principal advantages in comparison to the IRT
approach. The first advantage is the primacy of Rasch's specific requirements,[16] which (when
met) provides fundamental person-free measurement (where persons and items can be
mapped onto the same invariant scale).[17] Another advantage of the Rasch approach is that
estimation of parameters is more straightforward in Rasch models due to the presence of
sufficient statistics, which in this application means a one-to-one mapping of raw numbercorrect scores to Rasch estimates.[18]

Analysis of model fit
As with any use of mathematical models, it is important to assess the fit of the data to the
model. If item misfit with any model is diagnosed as due to poor item quality, for example
confusing distractors in a multiple-choice test, then the items may be removed from that test
form and rewritten or replaced in future test forms. If, however, a large number of misfitting
items occur with no apparent reason for the misfit, the construct validity of the test will need
to be reconsidered and the test specifications may need to be rewritten. Thus, misfit provides
invaluable diagnostic tools for test developers, allowing the hypotheses upon which test
specifications are based to be empirically tested against data.
There are several methods for assessing fit, such as a chi-square statistic, or a standardized
version of it. Two and three-parameter IRT models adjust item discrimination, ensuring
improved data-model fit, so fit statistics lack the confirmatory diagnostic value found in oneparameter models, where the idealized model is specified in advance.
Data should not be removed on the basis of misfitting the model, but rather because a
construct relevant reason for the misfit has been diagnosed, such as a non-native speaker of
English taking a science test written in English. Such a candidate can be argued to not belong
to the same population of persons depending on the dimensionality of the test, and, although
one parameter IRT measures are argued to be sample-independent, they are not population
independent, so misfit such as this is construct relevant and does not invalidate the test or the
model. Such an approach is an essential tool in instrument validation. In two and threeparameter models, where the psychometric model is adjusted to fit the data, future
administrations of the test must be checked for fit to the same model used in the initial
validation in order to confirm the hypothesis that scores from each administration generalize
to other administrations. If a different model is specified for each administration in order to
achieve data-model fit, then a different latent trait is being measured and test scores cannot be
argued to be comparable between administrations.
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Information
One of the major contributions of item response theory is the extension of the concept of
reliability. Traditionally, reliability refers to the precision of measurement (i.e., the degree to
which measurement is free of error). And traditionally, it is measured using a single index
defined in various ways, such as the ratio of true and observed score variance. This index is
helpful in characterizing a test's average reliability, for example in order to compare two tests.
But IRT makes it clear that precision is not uniform across the entire range of test scores.
Scores at the edges of the test's range, for example, generally have more error associated with
them than scores closer to the middle of the range.
Item response theory advances the concept of item and test information to replace reliability.
Information is also a function of the model parameters. For example, according to Fisher
information theory, the item information supplied in the case of the 1PL for dichotomous
response data is simply the probability of a correct response multiplied by the probability of
an incorrect response, or,

The standard error of estimation (SE) is the reciprocal of the test information of at a given
trait level, is the

Thus more information implies less error of measurement.
For other models, such as the two and three parameters models, the discrimination parameter
plays an important role in the function. The item information function for the two parameter
model is

The item information function for the three parameter model is

[19]

In general, item information functions tend to look bell-shaped. Highly discriminating items
have tall, narrow information functions; they contribute greatly but over a narrow range. Less
discriminating items provide less information but over a wider range.
Plots of item information can be used to see how much information an item contributes and to
what portion of the scale score range. Because of local independence, item information
functions are additive. Thus, the test information function is simply the sum of the
information functions of the items on the exam. Using this property with a large item bank,
test information functions can be shaped to control measurement error very precisely.
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Characterizing the accuracy of test scores is perhaps the central issue in psychometric theory
and is a chief difference between IRT and CTT. IRT findings reveal that the CTT concept of
reliability is a simplification. In the place of reliability, IRT offers the test information
function which shows the degree of precision at different values of theta, θ.
These results allow psychometricians to (potentially) carefully shape the level of reliability
for different ranges of ability by including carefully chosen items. For example, in a
certification situation in which a test can only be passed or failed, where there is only a single
"cutscore," and where the actually passing score is unimportant, a very efficient test can be
developed by selecting only items that have high information near the cutscore. These items
generally correspond to items whose difficulty is about the same as that of the cutscore.

Fisher Information and the Hessian of Log Likelihood
I’ve been taking some tentative steps into information geometry lately which, like all good
mathematics, involves sitting alone in a room being confused almost all the time.
I was not off to a very good start when a seemingly key relationship between Fisher
information and the second derivative of the log likelihood eluded me, despite being
described as “obvious” or “simple” in several books. I finally figured out the main trick and
thought I’d share it here in case someone else has trouble with it (e.g., me in six months).

Fisher Information
Fisher information is a quantity associated with parametric families of probability
distributions. Let X be a set of outcomes and for each parameter θ in some set Θ⊂Rd let
pθ(x) be the distribution over X associated with θ. The Fisher information for the family
P={pθ:θ∈Θ} is the matrix valued function where the entry1 at the ith row and jth column is

Ii,j(θ)=EX[(Dilogpθ(X))(Djlogpθ(X))]
where the expectation is over the random variable X drawn from the distribution pθ, and Di denotes
the partial derivative ∂∂θi. The Fisher information is always symmetric and positive semi-definite and
can be seen as measuring the “sensitivity” of the log likelihood logpθ(x) on the outcomes in a
neighbourhood of θ.

… and the Hessian of log likelihood
The result that had me puzzled for some time was the “obvious” fact that

Ii,j(θ)=−EX[Di,jlogpθ(X)]
where Di,j denotes the second-order partial derivative ∂2∂θi∂θj. What this says is that the Fisher
information is closely related to the curvature of the log likelihood function, as measured by its
Hessian — that is, the matrix of its second derivatives H[logpθ(x)]=(Di,jlogpθ(x))di,j=1.

After much head-scratching, I realised that the “trick” I was missing was the observation that
(under some mild conditions) the second derivatives and integrals can be switched so

∫XDi,jpθ(X)dx=Di,j∫Xpθ(X)dx=Di,j1=0
since each pθ is a distribution.
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With the above identity in hand, establishing the relationship between Fisher information and
the Hessian of log likelihood is just an application of the chain and product rules and noting
that Dilogpθ(x)=Dipθ(x)pθ(x). Thus,

Di,jlogpθ(x)=Di(Djpθ(x)pθ(x))=Di,jpθ(x)pθ(x)−Dipθ(x)pθ(x)Djpθ(x)pθ(x).
Taking expectations and using the aforementioned trick gives the result since
EX[Di,jpθ(x)pθ(x)]=∫XDi,jpθ(x)dx=0.
Everything is obvious in hindsight!

Scoring
The person parameter represents the magnitude of latent trait of the individual, which is the
human capacity or attribute measured by the test.[20] It might be a cognitive ability, physical
ability, skill, knowledge, attitude, personality characteristic, etc.
The estimate of the person parameter - the "score" on a test with IRT - is computed and
interpreted in a very different manner as compared to traditional scores like number or percent
correct. The individual's total number-correct score is not the actual score, but is rather based
on the IRFs, leading to a weighted score when the model contains item discrimination
parameters. It is actually obtained by multiplying the item response function for each item to
obtain a likelihood function, the highest point of which is the maximum likelihood estimate of
. This highest point is typically estimated with IRT software using the Newton-Raphson
method.[21] While scoring is much more sophisticated with IRT, for most tests, the (linear)
correlation between the theta estimate and a traditional score is very high; often it is .95 or
more. A graph of IRT scores against traditional scores shows an ogive shape implying that the
IRT estimates separate individuals at the borders of the range more than in the middle.
An important difference between CTT and IRT is the treatment of measurement error,
indexed by the standard error of measurement. All tests, questionnaires, and inventories are
imprecise tools; we can never know a person's true score, but rather only have an estimate,
the observed score. There is some amount of random error which may push the observed
score higher or lower than the true score. CTT assumes that the amount of error is the same
for each examinee, but IRT allows it to vary.[22]
Also, nothing about IRT refutes human development or improvement or assumes that a trait
level is fixed. A person may learn skills, knowledge or even so called "test-taking skills"
which may translate to a higher true-score. In fact, a portion of IRT research focuses on the
measurement of change in trait level.[23]
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A comparison of classical and item response theories
Classical test theory (CTT) and IRT are largely concerned with the same problems but are
different bodies of theory and entail different methods. Although the two paradigms are
generally consistent and complementary, there are a number of points of difference:
•

•
•

•

•

IRT makes stronger assumptions than CTT and in many cases provides
correspondingly stronger findings; primarily, characterizations of error. Of course,
these results only hold when the assumptions of the IRT models are actually met.
Although CTT results have allowed important practical results, the model-based
nature of IRT affords many advantages over analogous CTT findings.
CTT test scoring procedures have the advantage of being simple to compute (and to
explain) whereas IRT scoring generally requires relatively complex estimation
procedures.
IRT provides several improvements in scaling items and people. The specifics depend
upon the IRT model, but most models scale the difficulty of items and the ability of
people on the same metric. Thus the difficulty of an item and the ability of a person
can be meaningfully compared.
Another improvement provided by IRT is that the parameters of IRT models are
generally not sample- or test-dependent whereas true-score is defined in CTT in the
context of a specific test. Thus IRT provides significantly greater flexibility in
situations where different samples or test forms are used. These IRT findings are
foundational for computerized adaptive testing.

It is worth also mentioning some specific similarities between CTT and IRT which help to
understand the correspondence between concepts. First, Lord[24] showed that under the
assumption that is normally distributed, discrimination in the 2PL model is approximately a
monotonic function of the point-biserial correlation. In particular:

where
is the point biserial correlation of item i. Thus, if the assumption holds, where there
is a higher discrimination there will generally be a higher point-biserial correlation.
Another similarity is that while IRT provides for a standard error of each estimate and an
information function, it is also possible to obtain an index for a test as a whole which is
directly analogous to Cronbach's alpha, called the separation index. To do so, it is necessary
to begin with a decomposition of an IRT estimate into a true location and error, analogous to
decomposition of an observed score into a true score and error in CTT. Let

where is the true location, and is the error association with an estimate. Then
estimate of the standard deviation of for person with a given weighted score and the
separation index is obtained as follows

is an
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where the mean squared standard error of person estimate gives an estimate of the variance of
the errors, , across persons. The standard errors are normally produced as a by-product of
the estimation process. The separation index is typically very close in value to Cronbach's
alpha.[25]
IRT is sometimes called strong true score theory or modern mental test theory because it is a
more recent body of theory and makes more explicit the hypotheses that are implicit within
CTT.
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